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From the Einstein-Cartan to the Ashtekar-Barbero canonical constraints, passing
through the Nieh-Yan functional
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The Ashtekar-Barbero constraints for General Relativity with fermions are derived from the
Einstein-Cartan canonical theory rescaling the state functional of the gravity-spinor coupled system
by the exponential of the Nieh-Yan functional. A one parameter quantization ambiguity naturally
appears and can be associated with the Immirzi parameter.
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I. INTRODUCTION
The growing interest that the Ashtekar formulation of
General Relativity (GR) [1] has gained over the years
is a consequence of the remarkable simplification it in-
troduces in the structure of the canonical constraints.
Specifically, by using the self-dual SL(2,C) Ashtekar con-
nections as fundamental variables, the constraints of GR
reduce to a polynomial form. On the other hand, the
complex character of the self-dual connections forces to
introduce suitable reality conditions, which, until now,
have prevented the construction of a complete quantum
theory. This led to the adoption of the real Ashtekar-
Barbero SU(2) or SO(3) valued connections as funda-
mental variables in a partially gauge fixed version of
tetrads GR [2, 3]. By using the new variables Ashtekar,
Rovelli and Smolin constructed a non-perturbative (back-
ground independent) quantum theory of gravity known
as Loop Quantum Gravity (LQG) [4, 5, 6, 7], which,
at least in symmetric physical systems, allows to cure
the inevitable singular behavior of General Relativity
[8, 9, 10, 11]. The results recently obtained about the
graviton propagator have further strengthened the the-
ory, by providing other evidences on its non-singular be-
havior [12, 13, 14].
The Ashtekar-Barbero connections contain a free pa-
rameter in their definition, called the Immirzi parameter
and here denoted as β. The presence of the Immirzi pa-
rameter does not affect the classical theory, but it appears
in the spectra of geometrical non-perturbative quantum
operators as, for instance, the Area and Volume opera-
tors. Even though many attempts have been made to
understand the physical meaning of the Immirzi param-
eter [15, 16, 17, 18, 19, 20], its role in canonical quantum
gravity has not completely clarified yet [21].
In this brief paper, motivated by the interesting anal-
ysis proposed by Gambini, Obregon and Pullin [15] and
by using the results of previous works [22, 23], we will
be demonstrating that the Ashtekar-Barbero constraints
∗Electronic address: mercuri@cpt.univ-mrs.fr
can be derived starting from the canonical Einstein-
Cartan theory, by considering a topologically suggested
rescaling of the wave function describing the quantum
states of the system. This demonstration provides us
with an interesting hint for interpreting the Immirzi pa-
rameter which, as the so called θ-angle of QCD, is a quan-
tization ambiguity connected with the non-trivial struc-
ture of the quantum configuration space [21].
The paper is organized as follows: in Section II we
briefly recall the canonical formulation of gravity and
write the constraints of the Einstein-Cartan action. Then
we recall the expression of the non-minimal action intro-
duced in [22] (see also the interesting paper [24]). Analo-
gously to the Holst action, the non-minimal action devi-
ates from the Einstein-Cartan, specifically it is character-
ized by two modifications, which, as soon as the solution
of the second Cartan structure equation is taken into ac-
count, reduce to the Nieh-Yan topological term [22, 25].
In Section III we are going to demonstrate that this fact
makes it possible to calculate the Ashtekar-Barbero con-
straints for GR starting from the canonical constraints of
the Einstein-Cartan theory in the time gauge by using an
original and interesting method, which sheds some light
on the underlying topological structure of the theory.
Namely, after having canonically quantized the Einstein-
Cartan theory, we rescale the state functional by the ex-
ponential of the Nieh-Yan functional, which here plays a
role analogous to the one that the Chern-Simons func-
tionals play in Yang-Mills gauge theories (the Immirzi
parameter being analogous to the angular parameter usu-
ally indicated by θ) and demonstrate that the canonical
constraints of the non-minimal action can be easily de-
rived once the modification to the conjugated variables
are calculated. Finally, in Section IV we discuss the re-
sults obtained.
The signature throughout the paper is +,−,−,−. We
assume 8πG = 1.
2II. CANONICAL GR WITH FERMION FIELDS
The interaction between gravity and fermion fields is
described by the Einstein-Cartan action,
S
(
e, ω, ψ, ψ
)
=
1
2
∫
ea ∧ eb ∧ ⋆R
ab (1)
+
i
2
∫
⋆ ea ∧
[
ψγaDψ −Dψγaψ
]
.
The covariant derivatives contain the Lorentz valued spin
connections according to the following definitions:
Dψ = dψ −
i
4
ωabΣabψ and Dψ = dψ +
i
4
ψΣabω
ab ,
(2)
with a, b, c · · · = 0, . . . , 3. Assuming that space-time is
globally hyperbolic, we can extract the 3+ 1 form of the
above action and, once the temporal gauge is fixed and
the second class constraints solved [26] (further details
about this procedure in the presence of spinor fields will
be given in [21]), we can extract the following canonical
constraints:1
Ri := ǫ
k
ij K
j
αE
α
k −
i
4
ΠΣiψ +
i
4
ψΣiΩ ≈ 0 , (3a)
Cα := 2E
β
i D[αK
i
β] +ΠDαψ +DαψΩ ≈ 0 , (3b)
C := −
1
2
Eαi E
β
k
(
(3)R ikαβ − 2K
i
[αK
k
β]
)
(3c)
− iEαi
(
ΠΣ0iDαψ −DαψΣ
0iΩ
)
+
i
2
ǫiklE
α
i K
k
α
(
ΠΣlψ − ψΣlΩ
)
+
1
2
EαkK
k
α
(
Πψ + ψΩ
)
≈ 0 ,
where we have introduced the following notations: Greek
indexes indicate the spatial components of space-time
tensors α, β, · · · = 1, 2, 3, while Latin indexes refer to the
internal degrees of freedom i, j, · · · = 1, 2, 3; Eαi = −e e
α
i
andKjβ = ω
0j
β form a canonical pair and represent respec-
tively the densitized triad and the the extrinsic curvature;
Π = i2 eψγ
0 and Ω = − i2 eγ
0ψ are respectively the mo-
menta conjugate to ψ and ψ; Σi =
1
2 ǫ
jk
i Σjk are the gen-
erators of spatial rotations. Moreover the new derivative
symbol, D, representing the connections of the rotations
group, has been introduced. We would like to stress that
the apparent doubling of the fermionic degrees of free-
dom is a consequence of the specific form of the action
we started from. The right number of degrees of freedom
can be restored simply imposing a suitable set of second
class constraints, which make it possible to refer the dy-
namics of the fermion sector of the theory to only one of
1 It is worth recalling that the additional strong equation DαE
β
i =
0 follows from the solution of the second class constraints, rep-
resenting the so called compatibility condition.
the two pairs of fermion conjugate fields: either
(
ψ,Π
)
or
(
Ω, ψ
)
.
Once the phase space is equipped with the following
symplectic structure{
Kiα(t, x), E
β
k (t, x
′)
}
= δβαδ
i
kδ
(3)(x − x′) (4a){
ψA(t, x),ΠB(t, x
′)
}
+
= δABδ
(3)(x− x′) , (4b){
ΩB(t, x′), ψA(t, x)
}
+
= δBAδ
(3)(x− x′) , (4c)
we can verify that the constraints (3) are first class.
They are connected with the gauge freedom of the theory,
namely invariance under spatial rotations and space-time
diffeomorphisms2.
In [22] we demonstrated that the non-minimal action
S
(
e, ω, ψ, ψ
)
=
1
2
∫
ea ∧ eb ∧
(
⋆Rab −
1
β
Rab
)
(5)
+
i
2
∫
⋆ ea ∧
[
ψγa
(
1−
i
β
γ5
)
Dψ + h.c.
]
has the following characteristics: i) it has the Einstein-
Cartan action without any modification as effective limit,
consequently the Immirzi parameter disappears from the
classical equations as in the original (purely gravita-
tional) Holst approach; ii) it can be extended to arbitrary
complex values of the Immirzi parameter, in particular
for β = ± i it reduces to the Ashtekar-Romano-Tate ac-
tion [27]; iii) it is suitable for a geometrical description,
since the non-minimal term in the fermionic sector to-
gether with the Holst modification can be reduced to the
Nieh-Yan invariant [25] once the second Cartan structure
equation is solved. In other words, the modifications in-
troduced in (5) with respect to the Einstein-Cartan ac-
tion (1) can be reduced to the Nieh-Yan invariant, i.e.
1
2β
∫ [
Rab ∧ ea ∧ eb + ⋆ ea ∧
(
ψγ5γaDψ −Dψγaγ5ψ
)]
=
1
2β
[∫ (
Rab ∧ ea ∧ eb − T
a ∧ Ta
)
−
∫
d
(
⋆ eaJ
a
(A)
)]
=
1
2β
∫
d (ea ∧ T
a) , (6)
where Jd(A) = ψγ
dγ5ψ. Passing from the first to the
second line, we used the solution of the Cartan structure
equation, namely
ωab = eaρ∇µe
ρbdxµ +
1
4
ǫabcde
cJd(A) , (7)
resulting from the variation of the action (5) with re-
spect to the spin connection, which, once the factor
2 The theory was initially invariant under the full Lorentz group,
but, as well known, the temporal gauge fixes the boost sector,
leaving a remnant invariance under the local spatial rotations
only.
31
2 ǫ
ab
cd−
1
β
δ
[a
c δ
b]
d is dropped, is equivalent to the one char-
acterizing the usual Einstein-Cartan theory. Finally, the
result in the third line can be easily obtained using the
following identity T a ∧ ea = −
1
2 ⋆ eaJ
a
(A). So, the ac-
tion (5) is dynamically equivalent to the usual Einstein-
Cartan action, since the additional terms introduced in
action (5) with respect to (1) can be reduced to a total
divergence containing torsion. The fact that the effec-
tive action derived from (1) contains a topological mod-
ification with respect to (5) suggests that the two sets
of canonical constraints resulting from them have to be
connected by a topologically motivated redefinition of the
conjugate momenta. In fact, in the next section we are
going to derive the constraints of the non-minimal the-
ory (5) by redefining the state functional of the formally
quantized Einstein-Cartan theory, namely by rescaling it
by the exponential of the Nieh-Yan functional
Y(e, ψ, ψ) =
∫
ei ∧ T
i(e, ψ, ψ) , (8)
where we have to take into account the solution of the
second Cartan structure equation, which for spatial in-
ternal indexes gives
T i(e, ψ, ψ) =
1
2
ǫijke
j ∧ ekJ0(A) . (9)
III. FROM EINSTEIN-CARTAN TO
ASHTEKAR-BARBERO CONSTRAINTS
Weak equations (3) represent a set of first class con-
straints, so we can quantize the system by adopting the
Dirac procedure, i.e. the constraints are directly imple-
mented in the quantum theory by requiring that the wave
functional be annihilated by their operator representa-
tion. Let me assume as coordinates on the quantum con-
figuration space the following fields: Eαi , ψ
A and ψB, so
that the wave function is
Φ = Φ
(
E,ψ, ψ
)
. (10)
The quantum gravitational equations are formally ex-
pressed as
R̂iΦ
(
E,ψ, ψ
)
= 0 , (11a)
ĈαΦ
(
E,ψ, ψ
)
= 0 , (11b)
Ĉ Φ
(
E,ψ, ψ
)
= 0 , (11c)
where the operatorial translation of the canonical con-
straints relies on the following prescriptions
Êαi Φ (E,ψ) = E
α
i Φ (E,ψ) , (12a)
K̂kβΦ (E,ψ) = i
δ
δE
β
k
Φ (E,ψ) , (12b)
ψ̂AΦ (E,ψ) = ψAΦ (E,ψ) , (13a)
Π̂BΦ (E,ψ) = −i
δ
δψB
Φ (E,ψ) . (13b)
Suppose now to rescale the state functional Φ (E,ψ)
by the exponential of the Nieh-Yan functional3
Φ′(E,ψ, ψ) = exp
{
i
β
Y(E,ψ, ψ)
}
Φ(E,ψ, ψ) , (14)
where the parameter β will result to be associated with
the Immirzi parameter. It is worth stressing that the
study of large gauge transformations in temporal gauge
fixed gravity leads precisely to the rescaling (14) of the
state functional, so a consistent geometrical interpreta-
tion of the entire procedure can be provided, but this
discussion is beyond the scope of this brief letter and will
be presented in a longer, forthcoming paper [21].
The price paid for this rescaling is a modification in
the definitions of the canonical conjugate momentum op-
erators K̂iα, Π̂B and Ω̂
B . Specifically we get:
K̂ ′ iαΦ
′(E,ψ, ψ) = e
i
β
Y(E,ψ,ψ)K̂iαe
− i
β
Y(E,ψ,ψ)Φ′(E,ψ, ψ)
=
(
K̂iα −
1
2β
ǫ βγα T̂
i
βγ
)
Φ′(E,ψ, ψ) , (15a)
Π̂ ′BΦ
′(E,ψ, ψ) = e
i
β
Y(E,ψ,ψ)Π̂Be
− i
β
Y(E,ψ,ψ)Φ′(E,ψ, ψ)
=
(
Π̂B −
i
β
Π̂A
(
γ5
)A
B
)
Φ′(E,ψ, ψ) , (15b)
Ω̂′BΦ′(E,ψ, ψ) = e
i
β
Y(E,ψ,ψ)Ω̂Be−
i
β
Y(E,ψ,ψ)Φ′(E,ψ, ψ)
=
(
Ω̂B −
i
β
(
γ5
)B
A
Ω̂A
)
Φ′(E,ψ, ψ) , (15c)
where we have formally calculated the functional deriva-
tives, taking into account expression (9) and the following
useful form of the Nieh-Yan functional
Y(E,ψ, ψ) = −
1
2
∫
d3x ǫ αβγ E
γ
i T
i
αβ . (16)
The modifications of the conjugate momentum operators
correspond to canonical modifications of the respective
classical conjugate momenta, which can be easily evalu-
ated. So that, reintroducing the new classical conjugate
momenta into the canonical constraints (3) we obtain the
3 For a concise explanation of this procedure for SU(N) Yang-Mills
gauge theories see [28].
4following weak equations:
R′i =
1
β
DαE
α
i + ǫ
k
ij K
j
αE
α
k (17a)
−
i
4
Πf5(β)Σiψ +
i
4
ψΣif
5
(β)Ω ≈ 0 ,
C′α = 2E
β
i D[αK
i
β] +
1
2β
ǫ
ij
kE
β
i R
k
αβj (17b)
+ Πf5(β)Dαψ +Dαψf
5
(β)Ω ≈ 0 ,
C′ =
1
2
Eαi E
β
k
(
ǫiklR
l
αβ + 2K
i
[αK
k
β]
)
(17c)
− iEαi
(
Πf5(β)Σ
0iDαψ −DαψΣ
0if5(β)Ω
)
+
i
2
ǫiklE
α
i K
k
α
(
Πf5(β)Σ
lψ − ψΣlf5(β)Ω
)
+
1
2
EαkK
k
α
(
Πf5(β)ψ + ψf
5
(β)Ω
)
≈ 0 ,
where f5(β) = 1−
i
β
γ5, and Rlαβ =
1
2ǫ
l
ikR
ik
αβ . It is worth
noting that the gravitational contributions in the above
expressions are exactly those obtainable starting from the
Holst action. In fact, the above modified canonical con-
straints (17) can be extracted from a 3 + 1 splitting of
the non-minimal action (5), so that an interesting topo-
logical new aspect of the Ashtekar-Barbero formulation
of canonical gravity has been extracted and will be fur-
ther reinforced by studying the role of the large gauge
transformations in this framework [21].
IV. DISCUSSION
In this brief paper we have demonstrated that a non-
minimal action exists which is dynamically equivalent to
the Einstein-Cartan action, since it deviates from the lat-
ter due to the presence of two modifications which can
easily be reduced to a topological term. This fact sug-
gests a simple analogy with the extension of Yang-Mills
gauge theories to contain topological terms. It is well
known that in Yang-Mills gauge theories the presence
of a local symmetry generates a Gauss constraint in the
canonical theory. The Dirac quantization of such a the-
ory requires that the state functional be annihilated by
the quantum operator constraint, implying that the state
functional has to be invariant under small gauge trans-
formations, i.e. gauge transformations in the connected
component of the identity. But the canonical theory does
not provide any suggestion on how the state functional
behaves under large gauge transformations. The behav-
ior of the wave function under large gauge transforma-
tions can be studied by using the Chern-Simons func-
tionals. More specifically, by rescaling the wave func-
tion by the exponential of the Chern-Simons we can au-
tomatically diagonalize the large gauge transformations
operator [15]. The result is that the modifications intro-
duced by the rescaling affect the Gauss constraint and
the Hamiltonian of the theory, providing us with exactly
the expression we would have obtained if we started from
the well known topological modification of the standard
action.
Here we have demonstrated that the same happens in
gravity and, even though the details regarding the large
gauge transformations have been omitted to limit the
length of the paper (and will be described in [21]), their
absence does not prevent one from drawing the conclu-
sion that in temporal gauge fixed gravity the Nieh-Yan
functional plays the same role as the Chern-Simons func-
tionals, allowing us to shed some light on the topological
aspects of the Ashtekar-Barbero formulation of canonical
gravity.
And, finally, we would like to stress that the Immirzi
parameter β is introduced in this framework in the rescal-
ing (14), where it plays the same role as the so called
θ-angle plays in QCD.
Acknowledgments
The author expresses his gratitude to C. Rovelli for
stimulating discussions and suggestions and to the Quan-
tum Gravity group in CPT Marseilles for hospitality.
This work is financially supported by “Fondazione A.
Della Riccia”. Shelly Kittleson is also acknowledged for
her reading of the manuscript.
[1] A. Ashtekar, Phys. Rev. Lett. 57, 2244, (1986) and Phys.
Rev. D36, 1587 (1987).
[2] A. Ashtekar,Mathematics and General Relativity (Amer-
ican Mathematical Society, Providence, Rhode Island,
1987); Contemporary Math. 71, 39 (1988).
[3] F. Barbero, Phys. Rev. D51, 5498 (1995); Phys. Rev.
D51, 5507 (1995).
[4] A. Ashtekar, C. Rovelli, L. Smolin, Phys. Rev. Lett., 69,
237 (1992).
[5] A. Ashtekar, J. Lewandowski, Class. Quant. Grav. 21,
R53 (2004).
[6] C. Rovelli, Quantum Gravity (Cambridge University
Press, Cambridge, England, 2004).
[7] T. Thiemann,Modern Canonical Quantum General Rela-
tivity (Cambridge University Press, Cambridge, England,
2006).
[8] L. Modesto, Phys. Rev. D70, 124009 (2004).
[9] A. Ashtekar, T. Pawlosky, P. Singh, Phys. Rev. D74,
084003 (2006).
[10] A. Ashtekar, M. Bojowald, Class. Quant. Grav. 23, 391
(2006).
[11] M. Bojowald, H. Hernandez, M. Kagan, P. Singh, A.
Skirzewski, Phys. Rev. Lett. 98, 031301 (2007).
[12] J.D. Christensen, E.R. Livine, S. Speziale,
5arXiv :0710.0617.
[13] C. Rovelli, Phys. Rev. Lett. 97, 151301 (2006).
[14] E. Bianchi, L. Modesto, C. Rovelli, S. Speziale, Class.
Quant. Grav. 23, 6989 (2006).
[15] R. Gambini, O. Obregon, J. Pullin, Phys. Rev. D59,
047505 (1999).
[16] C. Rovelli, T. Thiemann, Phys. Rev. D57, 1009 (1998).
[17] A. Perez, C. Rovelli, Phys. Rev. D73, 044013 (2006).
[18] L. Freidel, D. Minic, T. Takeuchi, Phys. Rev. D72,
104002 (2005).
[19] L.J. Garay, G.A. Mena Marugan, Class. Quant. Grav.
20, L115 (2003).
[20] C.H. Chou, R.S. Tung, H.L. Yu, Phys. Rev. D72, 064016
(2005).
[21] S. Mercuri, (unpublished).
[22] S. Mercuri, Phys. Rev. D73, 084016 (2006).
[23] S. Mercuri, Proceedings of the XI Marcel Grossmann
meeting, Berlin, Germany, 2006, arXiv:gr-qc/0610026.
[24] A. Randono, arXiv:hep-th/0510001.
[25] H.T. Nieh, M.L. Yan, J. Math. Phys. (N.Y.) 23, 373,
(1982).
[26] N. Barros e Sa´, Int. J. Mod. Phys. D10, 261 (2001).
[27] A. Ashtekar, J.D. Romano, R.S. Tate, Phys. Rev. D40,
2572 (1989).
[28] A. Ashtekar, A.P. Balachandran, S. Jo, Int. J. Mod.
Phys. A4, 1493, (1989).
